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Of Models, Vectors, Matrices:  
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“B“B ehavior is a difficult subject matter, not because it is inac-
cessible, but because it is extremely complex” (Skinner, 
1953). But jumping wholesale into studying complexity 

is likely to leave gaps and require assumptions to make the facts fit 
neatly together. As a result, sciences often start as simple as possi-
ble. For behavior analysis, this involved studying how a single sched-
ule of reinforcement influenced patterns of responding in an oper-
ant chamber (Ferster & Skinner, 1957; Skinner, 1938). But as sciences 
progress, more complex phenomena are studied that build on inter-
actions among variables previously studied in isolation. For example, 
compare the law of effect published by Herrnstein (1970) to that of 
resurgence as choice in context (Shahan et al., 2020), or the schedules 
of reinforcement and stimulus presentations in Ferster and Skinner 
(1957) to any recently published study on derived stimulus relations 
(e.g., Shawler et al., 2022). Increasing the complexity of phenomena 
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studied in a field seems to suggest maturity, so long as critical theoret-
ical holes are few and far between. 

Behavior is not unique in its complexity as a natural phenomenon. For 
example, consider current theories of quantum mechanics in physics 
that began with John Dalton’s simple claim that all matter is made of 
tiny indivisible particles (1808) and now includes matrix mechanics, 
wave mechanics, and the non-relativistic Schr dinger equation (1926). 
As another example, consider evolutionary theory which began with 
natural selection as the only known mechanism (Mayr, 1996) and now 
contains mutation, genetic drift, and gene flow (Santangelo et al., 
2018). Arguably, an advancing science is one that–over time–learns 
the conditions under which independent variables do and do not influ-
ence dependent variables; how phenomena interact that were initially 
studied in isolation; and the description, prediction, and control over 
increasingly complex phenomenon. To be static is to be dead (Critch-
field & Shue, 2018).

As scientists add complexity, bookkeeping becomes more challenging 
as they try to keep track of how the many independent variables under 
study affect dependent variables. Models help scientists do this suc-
cinctly for reasons explained in greater detail below. Further, as we add 
variables that contribute to a holistic and empirical understanding of 
environment-behavior relations, it helps to have a consistent system to 
store data from our observations that is flexible in terms of scale and 
analytic possibilities. Vectors and matrices help us do this and are likely 
how many behavior scientists store their data already. 

Formalizing environment-behavior relations as vectors and matrices 
has the primary benefit of being an agnostic analytic system that al-
lows easy tests of competing behavioral theories. Further, as scientists 
scale the amount of data they collect on behavior-environment rela-
tions, open-source tools from data science and machine learning allow 
for the easy manipulation and analysis of massive matrices. In what fol-
lows, we discuss:
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a)	 The types of models common in behavior science.
b)	 How keeping track of variables and their interactions get murky 

as models scale in attempts to capture complexity.
c)	 How matrices as the medium and data science as the tools offer 

one practical solution to keeping things tidy.
d)	 How the resulting framework allows for flexible scaling in degree 

of complexity and analytic ease.

In short, models built on vector and matrix thinking might be one route 
to analyzing complex environment-behavior relations that are likely to 
be of increasing interest to behavior scientists.

Models in Behavior Science

Models can be defined, in the most general sense, as some kind of rep-
resentation of a person, thing, physical structure, or physical process 
(Merriam-Webster, 2022). Models are often smaller in scale than the 
physical thing they are meant to describe, where “smaller” might be de-
fined physically or in the amount of detail included. For example, read-
ers might be familiar with 3D physical models of cars or boats that 
would be impossible for a human to drive or sail. 3D physical models 
of bridges allow engineers to test various weight-bearing capacities be-
fore they spend millions of dollars building an overpass. And 3D phys-
ical anatomical models provide artists and physiologists alike the op-
portunity to visually see how the body might bend and move in space. 

All the above are proportionally scaled, three-dimensional models. 
However, models certainly do not have to be in three dimensions nor 
be scaled proportionally with the things they are meant to describe. 
For example, ecological models describe energy cycles across animals, 
plants, and the atmosphere (e.g., Patten, 1985). Models of particle in-
teractions in atoms help us describe the structure of molecules, which 
allow us to predict chemical reactions (e.g., Schrödinger, 1926). And, 
models of the expanding universe help us understand the laws of 
physics better in our very small corner of this vast cosmic arena (e.g., 
Heacox, 2015; Sagan, 1994). In science, models typically offer precision 
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in describing mechanisms that allow for prediction (Dallery & Soto, 
2013). Models certainly are not the only way to describe the world, 
but many of the triumphs of science suggest that model building and 
testing has been remarkably successful in uncovering a wide range of 
unsuspected possibilities including electromagnetic waves, engines, 
transistors, and antibiotics. 

Models have also been around in behavior analysis from the begin-
ning. For example, Skinner (1935, 1937, 1938) used arbitrary symbols 
and graphics to describe the difference between environment-behav-
ior relations in respondent and operant conditioning1 and these same 
models are used to train budding behavior analysts today (Cooper 
et al., 2020; pp. 31, 37). Lastly, as alternatives to linear models of envi-
ronment-behavior relations, others have proposed feedback loops with 
embedded hierarchies of variables (Moxley, 1982). Each of these mod-
els describe environment-behavior relations in much less detail than 
the plethora of physical ongoings that occur as organisms move through 
time and space. 

In short, models are an integral part of all sciences. At a basic level, 
models describe in fewer terms the important details of a physical 
system under study. If the models are good enough, they allow the 
model user to describe, predict, and (potentially) control the physical 
universe they contact and are interested in influencing. To help frame 
conversations about models of multiple control and complexity later in 
the manuscript, we next briefly review some of the basic forms and 
functions of models.

Model Forms

One way to classify models is based on the form that they take. Figure 
6.1 shows some of the topographies that models can take, including 

1	 See Figure 1 from Moxley, 1982 for side-by-side comparisons.



147NOVEL APPROACHES TO THE EXPERIMENTAL ANALYSIS OF BEHAVIOR 
RETHINKING CONTEMPORARY PROBLEMS

6. Of Models, Vectors, Matrices...

textual-vocal models2, graphical models, quantitative models, and com-
putational models. Perhaps the most used by researchers and practi-
tioners are textual-vocal models. Textual-vocal models use words to 
describe the relations between the environment and some behavior of 
interest. For example, a practitioner might state, “In the presence 
of demands to engage in schoolwork, the client is more likely to hit 
and kick staff, which is often followed by removal of those demands.” 
Here, many instances of observed environment-behavior relations and 
the collection of data have been compressed to a set of textual stimuli 
carrying less detail than any one observation of aggression (i.e., it’s a 
model) but provide the listener with an understanding of why the cli-
ent engages in aggressive behavior. Given past research on functional 
approaches to reducing aggression (e.g., Tiger et al., 2008), such a tex-
tual-vocal model might be all that is needed for describing the causes 
of behavior in many circumstances (i.e., audience matters; Dallery & 
Soto, 2013). 

Graphical models use pictures to display visually the relationship be-
tween the environment and behavior. Often graphical models use 
shapes, lines, arrows, or other icons to show directions of influence or 
time, inclusion or exclusion (e.g., Venn Diagrams; Killeen, 2019), and 
to denote the different variables that comprise the model, which are 
ideally observed and measured (Moxley, 1982). Many behavior ana-
lysts are likely familiar with using a one-dimensional linear notation 
of the three-term contingency (Figure 6. 1; Graphical a). However, 
one-dimensional linear notations of the three-term contingency carry 
limitations (Moxley, 1982). Thus, some have offered alternative graph-
ical displays (e.g., Figure 6.1; Graphical b) that more easily and visually 
differentiate respondent from operant contingencies and that contain 
multiple levels (Figure 3 from Moxley, 1982) and varying timescales 
(Figure 4 from Moxley, 1982) in a single graphical display. 

2	 Textual-vocal models have been referred to as verbal models in previous writing (e.g., 
Dallery & Soto, 2013). However, since all models are instances of verbal behavior (e.g., Cox, 
2019; Marr, 2015), the term textual-vocal model is used throughout to differentiate the use 
of words to describe environment-behavior relations as opposed to graphics, mathematical 
expressions, or computational expressions.
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Model Form Examples From Behavior Science

Textual-vocal Person states: “In the presence of demands to engage in schoolwork, the client is 
more likely to hit and kick staff which is often followed by removal of those demands.”

Graphical

a)
	 SD → B → SR-

b)

	

Quantitative

c)

B =
kR

R + Ro

d)

Computational

e)

Figure 6.1. Examples of different model form that scientists have used within behavior analy-
sis: a)  Linear notation as one-dimensional graphical representation of the three-term contin-
gency (Moxley, 1982). b) Modified triadic graphical display from Moxley (1982) representing 

the three-term contingency described by the textual-vocal model. c) Law of effect from 
Herrnstein (1969). d) Restatement of the law of effect relative to the textual-vocal example. 

e) Recast of the evolutionary theory of behavior dynamics from McDowell (2013b, 2019).
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Quantitative models use mathematical expressions to describe the rela-
tions between environmental variables and their influence on behavior. 
For example, the law of effect (Figure 6.1; Quantitative c) describes how 
the absolute rate of a behavior in a specified environment is controlled 
by the absolute rate of reinforcement up to an asymptote (Herrnstein, 
1970). The generalized matching equation describes the relative allo-
cation of responding to two or more alternatives given the amount 
of reinforcement contacted by each response (e.g., Baum, 1974). The 
exponential demand equation describes how increasing the cost (e.g., 
number of responses, price in currency) to contact a reinforcer reduc-
es the number of reinforcers earned (e.g., Hursh & Silberberg, 2008). 
And the hyperbolic discounting equation describes how much an or-
ganism will work (e.g., response rate, response allocation, response 
force; i.e., the reinforcer value) as some dimension of that reinforcer 
is systematically manipulated (e.g., delay to receipt, uncertainty; Ra-
chlin, 2006). 

Lastly, computational models use computers to simulate environ-
ment-behavior systems. Computational modeling typically involves 
transforming the variables that comprise a system into a numeric rep-
resentation (Figure 6.1; Computational). Once specified, one or more 
algorithms then update the system across many discrete timesteps, 
and the researcher observes the resulting outcomes. Taking an exper-
imental approach, the research then further tests the computation-
al model by adjusting combinations of the number, types, and how 
variables are represented numerically, as well as the rules for updat-
ing the system (USDHHS, 2020). Examples of computational models in 
behavior analysis include the evolutionary theory of behavior dynam-
ics (e.g., McDowell, 2019), computer simulations of the operant re-
serve (e.g., Berg & McDowell, 2011; Catania, 2005), neural-network in-
terpretations of selection mechanisms of learning (e.g., Burgos, 2001; 
Donahoe et al., 1993), and reinforcement learning models that mimic 
patterns of choice (e.g., Pearson & Platt, 2013). 
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Model Function

We can also talk about the function, or reason why, a scientist is mod-
eling environment-behavior relations. Figure 6.2 shows a common 
way that model function is described as a balance between relative 
difficulty (x-axis) and utility to the modeler (y-axis). Perhaps the eas-
iest (but often least useful) model function is descriptive. Here, the 
researcher or practitioner simply tacts something they have observed 
in answering the question, “What happened?”. Note that descriptive 
models can take any form, such as textual-vocal, graphical, quantita-
tive, or computational (Figure 6.1).

Associative models can lie somewhere between answering the ques-
tions: “What happened?” and “When will it happen?”. Here, scientists 
or practitioners start to identify how often and the conditions under 
which two (or more) variables are likely to co-occur. Associative mod-
els can also take various forms. For example, they might be graphical 
depictions such as AB plots that show changes in behavior from base-
line to an intervention condition (e.g., Wolfe & Slocum, 2015) or scat-
terplots showing how changes in one continuous variable correspond 
to changes in a second continuous variable (e.g., Baum, 1974; Rach-
lin, 2006). Associative models might also take the form of quantitative 
descriptions such as Pearson’s correlation coefficient and Spearman’s 
rank correlation (e.g., Motulsky, 2014). 

Predictive models answer the question, “When will it happen?” or 
“What will happen?”. The use of “baseline logic” (e.g., Cooper et al., 
2020) is one form of textual-vocal predictive model where researchers 
would predict the trend, level, and variability of behavior will remain 
unchanged if no intervention is introduced. Similarly, researchers could 
textual-vocally predict that responding will increase/decrease when 
the intervention is introduced and support it with a graphical model 
of the assumed three-term contingency in effect. However, note that 
the predictions lack precision in both instances. Because of the lack of 
predictive precision with textual-vocal models, predictive models are 
most often quantitative or computational. For example, the generalized 
matching equation (e.g., Baum, 1974; McDowell, 2005) makes precise 
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predictions about the exact ratio of responding between two or more 
responses if the ratio of contact with reinforcement for those respons-
es is known. And, the computational predictive model of the evolu-
tionary theory of behavior dynamics makes predictions that coincide 
with these predictions (e.g., McDowell, 2019).

Figure 6.2. Visualization highlighting the relative tradeoff between the difficulty  
of building a good model (x-axis), the utility of the resulting model for the model  

user (y-axis), and terms common to other disciplines that describe the various  
locations in this graphical representation.

Causal models answer the question “Why did it happen?”. Here, the 
model builder specifies precisely the physical mechanisms that lead 
one pattern of environment-behavior relations (independent vari-
ables) to a specific and different pattern of environment-behavior re-
lations. Though causal models can be used to make predictions, not 
all predictive models are causal models, and vice versa. For example, 
the evolutionary theory of behavior dynamics makes predictions about 
behavior that coincide with what is observed in nonhuman animals 
across many contexts (McDowell, 2019). However, it seems unlikely the 
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genetic algorithm used to make those predictions is, in fact, the biolog-
ical mechanism whereby response repertoires are created and selected 
over time (i.e., it’s not a causal model of biological behavior). Similarly, 
meteorologists have a good understanding of what atmospheric condi-
tions cause tornados, hurricanes, and red tides. However, the complex-
ity of collecting the requisite data to make precise predictions of when 
severe weather events will occur continues to elude this field. 

Arguably, the most useful kinds of models are decision models. Here, the  
causal mechanisms allowing for prediction are so well known that 
the model tells the model user the optimal decision to make based 
on the facts they have at their disposal. Examples of decision models 
in behavior analysis include models for selecting measurement proce-
dures (e.g., LeBlanc et al., 2016) and selecting evidence-based treat-
ments (e.g., Geiger et al., 2010; Saini et al., 2017). Decision models 
are arguably the function of science generally: to create generalizable 
knowledge that allows humans to make better decisions within the 
situations they have found themselves in. However, as the examples in 
this paragraph indicate, decision models often require large amounts 
of evidence verifying causal environment-behavior relations before 
they can be developed and tested for whether they lead the model 
user to make optimal decisions.

Model Summary

Models are an integral part of the science of behavior and occur any 
time that a scientist uses verbal behavior to compress the totality of 
observed environment-behavior relations into fewer details. The set 
of verbal behavior tacted as models might be of the form textual-vo-
cal, graphical, quantitative, or computational; and the function of the 
model might be descriptive, associative, predictive, causal, or to lead 
to an optimal decision. The specific combination of form and function 
will likely be determined by the function of the modeler’s behavior 
(Marr, 2015) and the extent of past research and available evidence 
to which the researcher has access. This last point is critical because 
models from data science are typically quantitative or computational. 
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But the function of the model will be determined by factors outside 
the data scientist’s model. 

Modeling the Complexity  
of Multiple Control

Complexity has been defined in many ways across sciences and might 
be so general a term that it means something different to each speaker 
based on the field in which they are trained (Adami, 2002). Neverthe-
less, complexity can be grouped into three major divisions (Manson, 
2001). Algorithmic complexity focuses on how difficult it is to describe 
the totality of a physical system, often described using mathematical 
complexity theory or information theory (e.g., Chaitin, 1992; Norton 
& Ulanowicz, 1992). Deterministic complexity focuses on how a few 
critical variables or rules can lead to physical systems that demonstrate 
both patterns and emergent discontinuities, often via chaos theory 
and catastrophe theory (e.g., Brown, 1995; Byrne, 1997; Lowe, 1985; 
Nijkamp & Reggiani, 1990; Renfrew & Cooke, 1979). Finally, aggregate 
complexity focuses on how many individual system components inter-
act and work together or in opposition to determine the behavior of 
the physical system (e.g., Allen & Hoekstra, 1992; Andrade et al., 1995; 
Corrieg et al., 1997; Holland, 1992). Though algorithmic and determin-
istic complexity have relevance to behavior science (e.g., Killeen, 1994; 
McDowell, 2013a, 2013b), the remainder of this chapter will focus on 
aggregate complexity as a framework for the multiple control of be-
havior and how data science techniques might allow researchers to 
efficiently model such aggregate complexity.

In its simplest form, aggregate complexity seeks to understand how 
variables studied in isolation might interact to influence behavior. 
Such research certainly is not new in behavior analysis. For example, 
arguably, research on compound schedules of reinforcement (Cat-
ania, 2013) fits this mold wherein researchers ask how patterns of 
responding change when two or more simple schedules of reinforce-
ment (FR, VR, FI, VI) are combined and operate successively (multiple, 
mixed), as a sequence (chained, tandem), simultaneously (concurrent, 
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conjoint), or are dependent (alternative, conjunctive, interlocking). 
Such research has led to associative/predictive quantitative models such 
as behavioral momentum (e.g., Nevin et al., 1983), the generalized 
matching equation (e.g., Baum, 1974), and hyperbolic discounting 
(e.g., Rachlin, 2006). 

Researchers in behavior analysis have also examined multi-dimension-
al aspects of compound schedules relative to aggregate complexity. 
For example, researchers have examined the independent effects of 
reinforcer rate and amount in concurrent schedules arrangements 
(e.g., Baum & Rachlin, 1969) and reinforcer rate, amount, and delay in 
concurrent schedules arrangements (e.g., Davison & McCarthy, 1988) 
which has led to derivation of the associative/predictive quantitative 
model of the concatenated matching law (e.g., Davison & McCarthy, 
1988). Similarly, researchers have examined how delay and probabili-
ty interact to influence choice in concurrent schedules arrangements 
(e.g., Blackburn & El-Deredy, 2013; Cox & Dallery, 2016; Killeen, 2009; 
Vanderveldt et al., 2015; Yi et al., 2006) and how multiple delayed and 
probabilistic outcomes that follow each response interact to influence 
choice in concurrent schedules arrangements (e.g., Cox & Dallery, 
2018). The above lines of research again led to associative/predictive 
quantitative models for how these multiple dimensions interact to in-
fluence choice. 

Studying aggregate complexity requires the researcher to conduct 
considerable bookkeeping. One example of the analytic challenges con-
tacted by someone studying aggregate complexity is shown in Figure 
6.3. The top panel in Figure 6.3 shows a set of data and the resulting 
plot, which many readers are likely familiar with. This panel shows a 
prototypical situation wherein a researcher is interested in how some 
modification of reinforcement contingencies will influence the rate of 
responding. Here, functional communication training (FCT; e.g., Tiger 
et al., 2008) is implemented and results in an increase in the rate of re-
sponding compared to baseline. Further, readers who graph their data 
in Excel, Prism, or other common software packages are likely famil-
iar with the spreadsheet image on the left where the session number, 
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condition, and rate of responses per minute are entered. In turn, stor-
ing data this way allows the graph on the right to be made. 

Figure 6.3. Complexity as additional columns in a structured data frame.

Studying aggregate complexity suggests something else is added to the 
mix beyond the intervention in isolation. The middle panel of Figure 6.3 
shows how we might add an extra variable to the analysis by adding da-
ta collected on a third variable (i.e., Column D). Perhaps the added vari-
able is whether the individual has access to the maintaining reinforcer  
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as part of a closed economy (“No iPad pre-Session”) or open economy 
(“iPad Pre-Session”; e.g., Collier et al., 1992; Foster et al., 1997; Hall 
& Lattal, 1990; Zeiler, 2013); or whether the amount of reinforcement 
contacted with each reinforcer delivery influences behavior (“60 sec 
SR+” vs. “30 sec SR+”; e.g., Estle et al., 2006; Green et al., 2013; Rach-
lin et al., 2015); or the extent to which biological variation might influ-
ence responding across sessions (“Regular Sleep” vs. “Less Sleep”; e.g., 
Kirby & Kennedy, 2013). The bottom panel in Figure 6.3 shows how a 
researcher or practitioner might replot the middle panel. When data 
across the third variable are connected, the visual analyst might discov-
er that the rate of responding is typically higher when Variable A is pres-
ent compared to when Variable B is present, regardless of condition.

Figure 6.3 shows one way that a researcher might analyze the con-
vergent multiple control of behavior where many different variables 
influence a single response (Michael et al., 2011). Each column high-
lights one measure of behavior or one measure of the environment 
surrounding behavior; and each row of the data frame tracks one in-
stance of these observations of multiple control. When we realize that 
adding complexity is simply adding columns to our dataset, it’s easy to 
see that there is no reason we have to limit ourselves to adding just 
one variable. For example, the top panel in Figure 6.4 shows a dataset 
where we might be interested in the influence of many different vari-
ables on rate of responding such as the setting of session, the different 
technicians who work with the client, the rate of trial presentation, the 
exact schedule of reinforcement contacted by the client, and whether 
the client had pre-session access to the maintaining reinforcer. 

Matrices as Medium  
& Data Science as Tools

The bottom panel in Figure 6.4 shows a more general form of the top 
panel. Just as in the top panel, there is a set of data on antecedent vari-
ables (a11-a86), rates of responding (b17-b87), and consequence variables 
(c18-c89); and where each row corresponds to one observation. Another 
name for this way to represent data is a “matrix” (e.g., Strang, 2003). 
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Figure 6.4. One example of a data frame that would allow a researcher  
to analyze the convergent multiple control of seven different variables.

Translated for our purposes, this matrix is a set of data on environ-
ment-behavior relations where each row corresponds to data collected 
at some moment in time (i.e., a vector); and each column corresponds 
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to the physical state of some environmental variable antecedent or con-
sequent to a behavior of interest, or corresponds to some dimension of 
behavior (e.g., rate, duration, intensity). 

As our dataset grows to the right to include data on the multiple vari-
ables likely to influence responding (i.e., aggregate complexity of conver-
gent multiple control), researchers need methods to efficiently analyze 
these larger datasets to identify the patterns that allow for the descrip-
tion, prediction, and control of responding. 

Behavior analysts have shown significant variability when visually 
analyzing data along two dimensions such as time and intervention 
condition (e.g., Cox & Brodhead, 2021; cf. Diller et al., 2016; Kahng et 
al., 2010; Ninci et al., 2015). Figure 6.4 highlights how adding a third 
dimension can increase the difficulty of visual analysis. As behavior an-
alysts collect data on dozens or hundreds of variables, they will need 
efficient analytic methods that can be constrained by basic operant 
and respondent principles. In these more complex modeling situa-
tions, thinking about our data as a matrix is useful because it allows 
us to take advantage of math that can handle these data sets: linear 
algebra which is one of the primary languages of machine learning and 
artificial intelligence. 

Matrices and their manipulation via linear algebra has many practical 
advantages (e.g., Strang, 2003). For behavior scientists structuring 
datasets as matrices as in Figure 6.4, an intuitive way to think about 
such a dataset is as a system of linear equations. For example, taking 
a deterministic, aggregate complexity, convergent multiple control 
view of the data in Figure 6.4, the assumption is that the various 
combinations of antecedent and past consequences determine re-
sponding (i.e., allow us to predict responding). Restated as equa-
tions, the rows become:

a1,1x1 + a1,2x2 + ··· + c1,nxn = b1

⋮
am,1x1 + am,2x2 + ··· + cm,nxn = bm
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Here, a refers to the antecedent data, c refers to the consequent data, 
b refers to the behavior data, x refers to the relative influence of that 
environmental variable on behavior, n is the number of antecedent 
and consequence columns in the dataset, and m is the number of rows 
in the dataset.

Thinking of our data as a matrix and system of linear equations can 
be useful for several reasons. First, researchers have developed com-
putational algorithms to find exact or approximate solutions to large 
systems of equations (e.g., Golub & Van Loan, 1996; Trefethen & Bau, 
1997) which play a practical role in engineering, physics, chemistry, 
computer science, and economics. In our context, such a solution 
would provide a quantitative estimate of the approximate influence of 
each environmental variable on response rate. In turn, this would al-
low researchers to understand –and quantify– the relative importance 
of different environmental variables in the multiple control of behav-
ior. Variable importance can then be tested experimentally by manipu-
lating one or more independent variables and observing how close the 
observed behavior is to that predicted by the equation. 

Second, technology increasingly allows behavior analysts to collect da-
ta on a multitude of environmental and behavioral variables (e.g., Cox 
et al., 2022; Dallery et al., 2015; Kurti & Dallery, 2014). However, as the 
number of rows or columns in our matrix increases, the complexity and 
difficulty of finding an approximate solution to a system of equations 
also increases. To make such problems tractable, researchers have de-
veloped algorithms to reduce the number of variables considered via 
combination or removal, and to improve the accuracy of the approxi-
mate solution. These algorithms are often referred to as dimensional-
ity reduction techniques (e.g., Huang et al., 2019; Reddy et al., 2020). 
For our purposes, these techniques would allow researchers to iden-
tify variables that are redundant with each other or, when all other 
variables are considered, have less relative influence on behavior. In 
both instances, the researcher can learn what environmental variables 
can likely be removed from the analysis, subsequent data collection, or 
consideration for derived interventions. 
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Third, matrices can be considered entire objects and—as entire ob-
jects—can be transformed. Data transformations are often used pro-
ductively in science. For example, log-log transformations turn pow-
er functions into straight lines (e.g., GME; Baum, 1974) and semi-log 
transformations turn exponential functions into straight lines (e.g., IRT 
analyses; Kessel & Lucke, 2008) making data in both cases much eas-
ier to work with. These examples involve the transformation of two 
variables relative to each other. But, by thinking of our datasets as ma-
trices, we can do the same thing with an entire dataset. For example, 
we discussed above how decision models allow the model user to ef-
ficiently attain a specific output as a function of a set of inputs. Recast 
in terms of thinking about our data as a matrix, we start with one set 
of environment-behavior relations (i.e., one matrix) and we want our 
intervention to lead to a new set of environment-behavior relations 
(i.e., a second matrix). Matrix transformations describe how we can go 
from the first matrix to the second matrix and whether it is possible 
(e.g., Strang, 2003). Restated as a question and for our purposes, if one 
matrix describes how multiple variables interact to control responding, 
how might we have to change that entire system to bring about the 
environment-behavior system we desire?

Matrix & Data Science Summary

Many behavior analysts likely store their collected data in a structured 
format in spreadsheets. That is, each column corresponds to one mea-
sured variable related to the context, consequences, or behavior of in-
terest; and each row corresponds to one observation (e.g., learning trial) 
or an aggregate of several observations (e.g., sessions). When structured 
this way, studying aggregate complexity and the multiple control of be-
havior simply means collecting and storing data in more columns. Visual 
analyses of data become much more difficult when many columns are 
added to the dataset. But, viewing each observation as a vector and the 
set of observations as a matrix unlocks tools from mathematics and 
statistics, computer science, and behavior science to quantify precisely 
how much each variable likely controls behavior. 
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An Example Analysis  
of the Multiple Control of Behavior

The above section may have sounded a bit abstract for readers new to 
linear algebra, data science, and machine learning. To make this more 
tractable, next, we work through analyses for a simulated dataset con-
taining 1000 sessions where each session involved one value from 
each of the following dimensions: (1) an antecedent stimulus context 
that was either a “Red Light” or a “Green Light”; (2) one out of 14 pos-
sible rate of reinforcement delivery per minute (1-15; analog to a VI-4 
s to VI-60 s); (3) one out of four different delays to the reinforcer once 
earned (1-4 seconds); and (4) the resulting response rate. Important to 
know is that the reinforcement rate was randomly set between 1-10 
per min in the red condition and between 5-15 in the green condi-
tion. Table 6.1 shows five sample rows from the simulated dataset, 
and Figure 6.5 shows the general relations between each independent 
variable and response rates. All code to replicate the experiment is 
contained as an Appendix at the end of the chapter. 

Table 6.1. Sample rows from the simulated dataset  
for the examples presented in the chapter

Session Stimulus 
Context

Reinforcement 
Rate

Reinforcer 
Delay

Response 
Rate

1 Green Light 3 2 19.90

2 Red Light 5 1 67.95

3 Green Light 5 4 41.71

4 Red Light 5 3 58.59

5 Green Light 5 3 42.55

··· ··· ··· ··· ···

996 Green Light 5 4 35.41

997 Green Light 3 1 26.05

998 Green Light 3 3 14.55

999 Red Light 9 3 156.86

1000 Green Light 5 4 39.55
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Throughout the section, I include a little bit of the math to try to high-
light where and how vectors and matrices are being used. Understand-
ing the specific details of the math is not needed to make use of this 
work with your own datasets given modern analytic programming lan-
guages (e.g., R, Python). You should still be able to get a good under-
standing of the benefits gained by skipping over the math. However, 
as any modeler knows, a nontrivial proportion of model building is 
knowing what tools are available and selecting the right one for the 
job based on the dataset you have, the way you think about environ-
ment-behavior relations, and the question you have. Taking the time to 
understand the approaches offered below may provide you with more 
tools in your toolset, different ways to think about environment-be-
havior relations, and the ability to ask and answer different questions. 

Figure 6.5. General characteristics of the simulated dataset. The black barplot shows  
the arithmetic mean of the response rates for that value of that independent  

variable across all sessions. Each gray marker represents data from a single session. 

Linear Algebra for Analysis

We can use vectors and matrices3 to represent our data set containing 
behavior-environment by writing it as:

3	 For the remainder of the chapter, any bold and italicized term represents a vector or ma-
trix, which should be deducible from the context. 
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1 Y = Xb + ϵ

Here, Y is the vector of the observed response rates (“Response Rate”, 
Table 6.1); X is the matrix (1000 rows x 3 columns) containing data on 
the manipulated independent variables of stimulus context, reinforce-
ment rate, reinforcer delay (Table 6.1); β is the vector of coefficients 
that describes the influence of each independent variable on response 
rates; and ϵ is an error term. A potentially easier-to-visualize format for 
Equation 1 that says the same thing is:

To estimate β we can use the normal equation4:

2 β = (XTX)-1XTY 

Doing so with the simulated dataset leads to β coefficients of stimulus 
context = 24.28, reinforcement rate = 21.96, and delay to reinforce-
ment = –16.81. This is logical as we correctly identify that increasing 
the reinforcement rates increases response rates, changing from the 
red to green stimulus context increases response rates in parallel with 
the different programmed reinforcement schedules, and increasing 

4	 There are other methods to estimate β of which readers might be more familiar (e.g., 
ordinary least squares regression). See further on in the Chapter, however, for why taking 
a matrix-based approach offers flexibility in scaling analytic options and provides an op-
portunity to do things beyond traditional statistical modeling approaches. 
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the delay to reinforcement decreases response rates as commonly ob-
served in the literature (e.g., Hursh & Fantino, 1973). 

One downside to using linear regression is that it assumes that each 
independent variable linearly increases or decreases response rates. 
This is clearly not the case for the influence of reinforcement rates or 
stimulus context on response rates in Figure 6.5. We also do not know 
if we have accounted for potential interactions among the indepen-
dent variables in our dataset. Three matrix-based approaches might 
help us account for nonlinearity in the relationship among variables in 
the dataset5. Support Vector Regression (SVR) uses a kernel function to 
map inputs into a higher-dimensional space where nonlinear patterns 
can be captured. Gaussian Process Regression (GPR) takes a probabilis-
tic approach, where covariance matrices model uncertainty and com-
plicated or complex trends in the data. And, XGBoost constructs an 
ensemble of decision trees to iteratively refine predictions (i.e., a gra-
dient-boosting method). Each of these methods relies on matrix-based 
computations –SVR through kernelized operations, GPR through cova-
riance matrix inversion, and XGBoost through gradient-based optimi-
zation of decision tree ensembles (e.g., Bishop, 2006). 

SVR was implemented using the scikit-learn package for Python (Pe-
dregosa et al., 2011). SVR works by finding a function that fits the da-
ta within a specified margin of tolerance (e-insensitive loss). SVR is a 
kernel-based method meaning that it transforms the input data into 
a higher-dimensional space to capture nonlinear relationships (Platt, 
1999). This transformation is computed using the kernel function K(Xi, 
Xj) to determine similarity between data points. The predictions in SVR 
are derived from a weighted sum of support vectors which can be rep-
resented mathematically as:

3

5	 There are many approaches one could use in this scenario. I chose these three given their 
commonality in the literature and ease of implementation and communication. It should 
not be read that these are the best or only alternative approaches.  
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Here, ai, a
*

i are the learned dual coefficients and b is the bias term. The 
optimization process uses matrix-based calculations, including vector-
ized dot products and matrix inversions. We can also estimate feature 
influence in SVR by examining the magnitude of learned support vector 
coefficients (e.g., Guyon & Elisseeff, 2003; Smola & Schölkopf, 2004).

GPR was also implemented using the scikit-learn package for Python 
(Pedregosa et al., 2011). GPR is a Bayesian non-parametric model that 
generalizes the concept of multivariate Gaussian distributions to func-
tions, allowing it to model uncertainty in predictions (Rasmussen & 
Williams, 2005). GPR provides a distribution over possible functions, 
where the predicted mean and variance are derived from a multivari-
ate Gaussian. Like linear regression and SVR, GPR represents input da-
ta as a matrix, but instead of explicitly learning parameters, it models 
relationships between data points using a covariance function (kernel 
function). The covariance structure between training points is repre-
sented by a Gram matrix K(X, X) to make probabilistic predictions. The 
posterior predictive mean in GPR is given by:

4

Here, K(X,X) is the kernel matrix of training data; (X, X*) is the kernel 
function between training and test data; σ2I represents noise; and Y is 
the observed response variable. The covariance matrix inversion re-
quired for this computation is a core matrix operation (Rasmussen &  
Williams, 2005). Because GPR provides a full posterior distribution 
over predictions, it naturally quantifies uncertainty, unlike models 
that only produce point estimates. Feature importance in GPR is often 
inferred using length scales of the kernel function, which describe how 
much each feature contributes to predictive variance.

The third algorithm we can use is XGBoost, which trains decision trees 
sequentially using gradient boosting (i.e., each tree corrects the errors 
of the tree before it; Chen & Guestrin, 2016). XGBoost was implemented 
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using the xgboost package for Python (Chen & Guestrin, 2016). Matri-
ces are everywhere here, too. The core update step is based on the 
gradients of the loss function:

5

These first-order and second-order gradients are stored as vectors and 
used in matrix-based optimization. XGBoost also performs Newton’s 
method to update the Hessian matrix:

and sparse matrix storage to make matrix operations faster (Chen 
& Guestrin, 2016). XGBoost also uses parallel matrix operations to 
compute splits across multiple trees to take advantage of matrix rep-
resentations of splits. 

If the previous few paragraphs are a bit Greek, no worries. Figure 6.6 
and Table 6.2 show the results from using linear regression, SVR, 
GPR, and XGBoost to predict response rates. Though the linear regres-
sion R2 value was decent at 0.90, the root mean square error (RMSE) 
indicated that model predictions were off by an average of 32.63  
response per minute (Table 6.2). Figure 6.6 also shows how the linear re-
gression model failed to account for the nonlinear patterns in the data-
set (which we would not expect it to without a bit of additional work).  
In contrast, the SVR regressor was off by an average of 4.29 respons-
es per minute (R2 = 0.99), the GPR regressor was off by an average 
of 1.95 responses per minute (R2 = 0.99), and XGBoost was off by an 
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average of 1.95 responses per minute (R2 = 0.99). The exemplary per-
formance of each matrix-based approach is shown by the predicted 
responses falling almost perfectly along the diagonal of “perfect pre-
diction” in Figure 6.6. 

Table 6.2. Fit metrics for the three modeling approaches

Model RMSE R2 AIC

Linear Regression 32.63 0.90 98,074.10

SVR 4.29 0.99 29,123.77

GPR 1.95 0.99 13,339.80

XGBoost 1.95 0.99 13,540.50

Figure 6.6. Response rate predictions of the linear regression,  
SVR, GPR, and XGBoost models for the synthetic dataset.
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Figure 6.7 also show the Shapley additive explanations (SHAP) plots, 
which explain the contribution of individual features to a model’s pre-
dictions (Lundberg & Lee, 2017). That is, similar to the β coefficients 
above for linear regression, SHAP values show the relative influence 
of that independent variable on the predicted response rate except it 
can vary for each observation by nature of the algorithms used. SHAP 
values are computed using the difference in predicted response rates 
when different combinations of features are included (i.e., vector sub-
traction). Each feature can be thought of as a dimension in a vector 
space, making the SHAP value for each feature being calculated as:

6

Here, ɸI is the SHAP value for feature i, F is the set of all features, S is 
the subset of features excluding i, and f(S) is the model’s output when 
only using features in S. For this particular implementation, Random 
Forest regressors and XGBoost are tree-based algorithms and, thus, 
TreeSHAP uses matrix decomposition (e.g., eigenvalues of Hessians) to 
compute feature importance (Lundberg & Lee, 2017).

Beyond Traditional Statistical Modeling

The above examples could have been accomplished using traditional 
statistical modeling techniques. That is, linear regression could have 
been conducted using ordinary least squares regression, and multi-
variable modeling techniques likely would have performed just fine to 
understand the influences and interactions among the independent 
variables in our dataset to influence response rates (Hidalgo & Good-
man, 2013). However, linear algebra also allows you to identify the 
geometry, structure, and complexity of a dataset in ways that tradi-
tional multivariable statistical modeling often does not (Kutner et al., 
2004; McInnes et al., 2018; Strang, 2003; Tenenbaum et al., 2000). If a 
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dataset contains the learning history for an organism, then linear alge-
bra using vector and matrix thinking allows researchers to identify the 
geometry, structure, and complexity of the relations between many 
environmental variables and behavior. 

Figure 6.7. SHAP values returned for each of the matrix-based models described in text.
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An example might help show this utility. Let’s imagine we have the sim-
ulated data from above that captures an organism’s learning history 
relative to the influence of context, reinforcer rate, and reinforcer de-
lay on response rates. A behavior scientist might sometimes be inter-
ested in simply describing quantitatively an organism’s learning history 
relative to specific environment behavior relations (e.g., matching law, 
discounting). However, behavior scientists are often more interested 
in how applying an environmental change might lead to a change in 
behavior. Or asked predictively and with precision, how difficult would 
it be to shape one learning history into a specific new one?

One way we can estimate a quantitative answer to this question is 
through singular value decomposition (SVD; e.g., Horn & Johnson, 
2012). SVD is a matrix operation that decomposes a matrix (e.g., an 
organism’s learning history, Table 6.1) into three specific matrices that 
capture the important structural properties of the original matrix. Spe-
cifically, SVD for an m x n matrix A, is described as:

7 A = USVT

where U is an m x m orthogonal matrix comprising the left singular vec-
tors (column space basis); S is an m x n diagonal matrix with non-nega-
tive singular values (which determines the importance of each dimen-
sion); and VT is an n x n orthogonal matrix comprising the right singular 
vectors (row space basis). 

How does this help us? The information we get from SVD can help us 
in at least two ways based on the values of the singular values in each 
matrix. First, the number of non-zero singular values in S tells us the 
rank of the matrix (i.e., how many of the variables provide non-redun-
dant, unique information about the dataset; Horn & Johnson, 2012). 
Mathematically, if two datasets describe an organism’s baseline learn-
ing history and the learning history we want to have post-intervention 
or post-research, then knowing the rank of each learning history matrix 
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lets us know whether one can be transformed into the other. If an or-
ganism’s baseline learning history matrix is the same rank or a higher 
rank than the terminal learning history matrix one wants to create, 
then it is possible to mathematically transform the baseline learning 
history into the post-intervention learning history. If the post-interven-
tion learning history is a higher rank than the baseline learning history, 
it is not possible to mathematically transform the baseline learning his-
tory into the post-intervention learning history (Fisher, 2011; Fleisch, 
2011; Horn & Johnson, 2012). In the latter scenario, you would need 
to do something additional to the independent variables included in 
the dataset to successfully transform the baseline learning history 
into the post-intervention learning history. 

The second way the singular values help us is by comparing the ratios 
of the singular values for each matrix. If the singular values are very 
similar, then their geometric properties are also similar, and the trans-
formation is likely to be easy (Fisher, 2011; Horn & Johnson, 2012). In 
contrast, if the singular values are very different, then their geomet-
ric properties are likely very different, and it would take more effort 
to transform the baseline learning history into the post-intervention 
learning history –even if they are the same rank (Fisher, 2011; Horn & 
Johnson, 2012). 

Figure 6.8 shows a concrete example of the previous paragraphs. The 
top plot shows the original dataset shown in Table 6.1. Let’s say this 
is our baseline learning history dataset. The lower left plot shows a 
very similar dataset, though slightly different. For example, perhaps 
we want the individual’s repertoire post-intervention to be very similar 
but for the conditional discriminations in their repertoire to be more 
fine-tuned. Both learning history matrices are ranked four, suggesting 
that each independent variable distinctly influences the response rate, 
and the matrices that comprise these images span the same subspace. 
Table 6.3 shows the singular values associated with each matrix (left 
columns) and how similar those singular values are for the two ma-
trices (right columns). The singular values indicate stimulus context 
contributes the most to variability followed by reinforcement rate and 
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then delay to reinforcement. The similarity ratios are also close to 1.00, 
suggesting that it would not be challenging to transform the organism’s 
original baseline learning history into the new, similar set of environ-
ment-behavior relations we might like to see post-intervention. 

Figure 6.8. Visualizations of an organism’s hypothetical learning histories are plotted from 
matrix form to highlight what different matrix views of learning histories might look like.
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Table 6.3. Singular values of the datasets (left columns) plotted  
in Figure 7 and their ratio similarity to the baseline dataset (right columns)

Variable

Singular Values Similarity Ratios

Baseline New, 
Similar

New, 
Different ( Baseline )New, Similar ( Baseline )New, Different

Stimulus Context 16012.86 12991.72 2057.22 0.81 0.13

Reinforcement Rate 278.385 274.78 498.23 0.99 1.79

Reinforcement Delay 95.64 96.55 194.57 1.01 2.03

Response Rate 37.34 37.21 12.68 1.00 0.34

The bottom right panel of Figure 6.8 also shows an example where the 
environment-behavior relations we might want to see post-intervention 
differ significantly from baseline. For example, perhaps we are interest-
ed in responding occurring only in one stimulus context, at a lower rate, 
and with less variability. Both environment-behavior matrices are still 
ranked four, indicating they span the same subspace, and it is possi-
ble to transform the baseline environment-behavior relations into the 
other. The singular values of this new, different matrix are shown in 
Table 6.3. The same order of singular values occurs in each, though 
the stimulus context, reinforcement rate, and reinforcement delay 
are now closer to one another than in the baseline dataset. The sim-
ilarity ratios, however, highlight the difficulty of the task at hand. All 
differ significantly from 1.00. Thus, though it is theoretically possible 
to transform the baseline environment-behavior relations into the 
post-intervention matrix of environment-behavior relations, the cur-
rent set of environmental variables would make it more difficult to do 
than in the first example.

There was a lot of jargon in this section. Let’s briefly summarize the 
high-level point being made. When an organism enters any learning 
environment (e.g., research experiment, clinical therapy session), we 
can collect baseline data on how they behave relative to a set of envi-
ronmental variables. The total dataset we now have can be thought of 
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as a matrix representing the organism’s learning history relative to the 
environment-behavior contexts they have experienced. Similarly, as a 
researcher or practitioner, I might want my experimental manipulation 
or therapeutic intervention to result in a specifically different pattern of 
environment-behavior relations. We can use linear algebra to predict 
how easy it will be to transform the baseline learning history into the 
desired post-experiment or post-intervention learning history, and 
whether it is even possible without adding some else to the mix we 
may not have otherwise considered. 

Chapter Summary

Advances in many sciences come by way of combining mathematical 
and computational models to analyze data and propose new ideas. 
Though this might sound intimidating to the uninitiated, behavior sci-
entists already use all sorts of models in their everyday work. For ex-
ample, they may use textual-vocal descriptions of the four-term con-
tingency surrounding aggression, graphical models of the three-term 
contingency when explaining behavior analysis to someone new to the 
field, or the evolutionary theory of behavior dynamics to model resur-
gence. Similarly, the models we use might describe the things we have 
observed happen; they may help us guess when something will hap-
pen again; they may tell us why something happened; and they may 
even help us know the best decision to make. Models are everywhere 
in behavior science. Each one has a specific form and function. 

Quantitative and computational models are particularly useful when 
behavior scientists want to study complicated or complex environ-
ment-behavior interactions. This is primarily because the precision of 
quantitative and computational models makes it easier to keep track 
of the precise values of environmental and behavioral variables at 
varying points in time and to estimate precisely how those data relate. 
One area where this might be useful is in the study of complex multiple 
control of behavior. That is, situations where two or more environmen-
tal variables interact to influence two or more behaviors. Influential 
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and interacting multiple environmental variables might occur as an an-
tecedent to responding (e.g., compound stimulus arrangements) or as 
a consequence of responding (e.g., two or more reinforcement rates in 
matching law experiments). 

From a data perspective, beginning to study the complicated or complex 
multiple control of behavior does not require the behavior scientist to 
do anything different or unique. It simply requires adding more col-
umns to your dataset to include more measures of the environment 
or more measures of behavior. Here, each row in the dataset would 
include the unique environmental and response values at the moment 
the observation is made. And, each column would represent one as-
pect of the environment or of behavior. Beyond two or three different 
independent variables, however, traditional visual analytic methods 
become difficult to make use of or potentially impossible for research-
ers interested in dozens, hundreds, or even thousands of variables we 
can now collect data on. 

Traditional statistical modeling can help make sense of our data at this 
point. In many situations, it may often be good enough for the question 
at hand (e.g., discounting, matching). That is, many analytic techniques 
exist that allow us to identify the relative influence of each variable 
on behavior, as a whole, and many techniques allow us to manually 
account for interactions among variables in our dataset. However, as 
the number of variables grow in size, traditional statistical modeling 
techniques start to become less computationally performant and more 
difficult to account for many interactions simultaneously. And, though 
manually making assumptions about interactions among variables is 
technically possible, at a certain degree of complexity it might be more 
productive to let our data drive the conversation. 

Linear algebra becomes useful in these situations. Linear algebra sug-
gests we think about each observation recorded as a vector (i.e., a 
unique combination of all the environment-behavior components that 
comprise that moment in time) and that we think about the organism’s 
learning history as a matrix by way of the dataset in toto. Consider that 
at any one point in time our sensory systems are impinged upon by 
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thousands of different stimuli and we are constantly emitting dozens 
or hundreds of responses (e.g., breathing, coordinated finger move-
ments on a keyboard, orientation of gaze at a computer screen). The 
behavior of organisms involves the integration of all of this within a dy-
namically changing stream of existence spanning the molecular granu-
larity of our day to molar aggregated of our life. Researchers can now 
practically ask experimental questions about the integration of this 
information. It is a novel contemporary challenge we have the luxury 
to be confronted with. At a minimum, vectorized operations provide 
a computationally efficient means whereby researchers interested in 
the multiple control of multiple behaviors can conduct these analyses 
faster and with larger datasets. 

Linear algebra is also one method whereby behavior scientists can more 
precisely describe and predict the complex multiple control of behav-
ior. Many modern machine learning algorithms involve matrix-based 
computations as described via several examples above. The benefits of 
using machine learning to analyze environment-behavior data is only 
just beginning to be realized. However, behavior scientists interested in 
analyzing more complex environment-behavior relations can gain tre-
mendous precision in their descriptions and predictions alongside trans-
parency around what variables are most influential for each response 
emitted and how many different variables likely interact and dynamical-
ly influence behavior over time. 

Finally, thinking about learning histories as matrices may allow behavior 
scientists to ask questions previously unconsidered outside theoretical 
writings. Organisms are integrated wholes and cannot be understood 
in toto by isolating individual responses relative to a few isolated en-
vironmental variables. Thinking about learning histories as matrices 
gives behavior scientists a method to talk about, analyze, and manip-
ulate learning histories as a single, integrated object. This carries ma-
ny interesting possibilities. One demonstrated in this chapter was that 
it allows behavior scientists to predict quantitatively the difficulty of 
transforming one behavioral repertoire into another. In clinical, educa-
tional, and other applied contexts, we often want to know what effort 
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is required and how long it will take to change someone’s baseline be-
havioral repertoire into a new behavioral repertoire where the clinical 
concern is absent, the things in need of learning have been learned, 
and so on. The mathematics of linear algebra tell us whether or not it 
will be possible and how difficult it might be given the environmental 
variables at play. This approach to thinking about behavioral reper-
toires is in its infancy and, thus, many potential applications likely exist 
that are more productive than the one offered in this chapter. But it 
provides a glimpse of what might be yet to come. 

To return to the quote that opened the chapter, to handle the com-
plexity required for the analysis of the behavior of whole organisms 
necessitates that behavior scientists have the tools in their toolbox to 
efficiently do so. Behavior scientists have a long history of using mod-
els to talk about environment-behavior relations. Advances in data 
collection tools, software, and hardware allow behavior scientists to col-
lect an increasingly greater amount of information on environment-be-
havior relations. These data can be thought of as vectors (each obser-
vational point) and matrices (an organism’s learning history). Linear 
algebra provides one mathematical approach that, when instantiated 
into computational algorithms, will help us to turn the complex nature 
of behavior from difficult into just a bit easier. 
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